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Introduction to AlgorithmsIntroduction to Algorithms

Chapter 3 Chapter 3 
Growth of FunctionsGrowth of Functions
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How fast will your program run?How fast will your program run?

The running time of your program will depend upon:The running time of your program will depend upon:
The algorithm
The input
Your implementation of the algorithm in a 
programming language
The compiler you use
The OS on your computer
Your computer hardware
Maybe other things: temperature outside; other 
programs on your computer; …

Our Motivation:Our Motivation: analyze the running time of an algorithm as analyze the running time of an algorithm as 
a function of only simple parameters of the a function of only simple parameters of the inputinput..
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ComplexityComplexity

ComplexityComplexity is the number of steps required to is the number of steps required to 
solve a problem.solve a problem.

The goal is to find the best algorithm to solve the The goal is to find the best algorithm to solve the 
problem with a less number of stepsproblem with a less number of steps

Complexity of AlgorithmsComplexity of Algorithms
The size of the problem is a measure of the 
quantity of the input data n
The time needed by an algorithm,  expressed as 
a function of the size of the problem (it solves), 
is called the (time) complexity of the algorithm 
T(n)
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Basic idea: counting operationsBasic idea: counting operations

Running Time: Number of primitive steps that are Running Time: Number of primitive steps that are 
executedexecuted

most statements roughly require the same 
amount of time

y = m * x + b
c = 5 / 9 * (t - 32 )
z = f(x) + g(y)

Each algorithm performs a sequence of basic Each algorithm performs a sequence of basic 
operations:operations:

Arithmetic:        (low + high)/2
Comparison:     if ( x > 0 ) … 
Assignment:      temp = x
Branching:         while ( true ) { … }
…
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Basic idea: counting operationsBasic idea: counting operations

Idea: count the number of basic operations Idea: count the number of basic operations 
performed on the input.performed on the input.

Difficulties:Difficulties:
Which operations are basic?
Not all operations take the same amount of 
time.
Operations take different times with different 
hardware or compilers
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Measures of Algorithm ComplexityMeasures of Algorithm Complexity

Let Let T(n)T(n) denote the number of operations required denote the number of operations required 
by an algorithm to solve a given class of problemsby an algorithm to solve a given class of problems

Often Often T(n)T(n) depends on the input, in such cases one depends on the input, in such cases one 
can talk aboutcan talk about

Worst-case complexity,
Best-case complexity,
Average-case complexity of an algorithm

Alternatively, one can determine bounds (Alternatively, one can determine bounds (upper or upper or 
lowerlower) on T(n)  ) on T(n)  
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Measures of Algorithm ComplexityMeasures of Algorithm Complexity

WorstWorst--Case Running TimeCase Running Time:  the longest time for :  the longest time for 
any input size of any input size of nn

provides an upper bound on running time for 
any input

BestBest--Case Running TimeCase Running Time:  the shortest time for :  the shortest time for 
any input size of any input size of nn

provides lower bound on running time for any 
input

AverageAverage--Case BehaviorCase Behavior:  the expected :  the expected 
performance averaged over all possible inputsperformance averaged over all possible inputs

it is generally better than worst case behavior, 
but sometimes it’s roughly as bad as worst case
difficult to compute 
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Example: Sequential SearchExample: Sequential Search

2n + 42n + 4TotalTotal

00
11
11

n + 1n + 1
nn
00
11
00

// Searches for x in array A of n items// Searches for x in array A of n items
// returns index of found item, or n+1 if not found// returns index of found item, or n+1 if not found
Seq_SearchSeq_Search( A[n]: array, x: item){( A[n]: array, x: item){

done = falsedone = false
i = 1i = 1
while ((i <= n) and (A[i] <> x)){while ((i <= n) and (A[i] <> x)){

i = i +1i = i +1
}}
return ireturn i

}}

Step CountStep CountAlgorithmAlgorithm
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Example: Sequential SearchExample: Sequential Search

worstworst--case running timecase running time
when x is not in the original array A
in this case, while loop needs 2(n + 1)
comparisons + c other operations
So, T(n) = 2n + 4 + c Linear complexity

bestbest--case running timecase running time
when x is found in A[1]
in this case, while loop needs 2 comparisons + 
c other operations
So, T(n) = 2 + c Constant complexity
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Example: Sequential SearchExample: Sequential Search

averageaverage--case running timecase running time
assume x is equally likely to equal A[1], A[2], 
…, A[n]
in this case, Pr[x=A[i]] = 1/n, for 1≤ i ≤ n
then, the average-case running time is

=(1/n)*n(n+1)/2 = (n+1)/2
So, T(n) = (n + 1)/2 Linear complexity
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Order of GrowthOrder of Growth

For very large input size, it is the For very large input size, it is the rate of growrate of grow, or , or 
order of growthorder of growth that matters asymptoticallythat matters asymptotically

We can ignore the We can ignore the lowerlower--order termsorder terms, since they are , since they are 
relatively insignificant for very large relatively insignificant for very large nn

We can also ignore We can also ignore leading term’s constant leading term’s constant 
coefficientscoefficients, since they are not as important for the , since they are not as important for the 
rate of growth in computational efficiency for very rate of growth in computational efficiency for very 
large large nn

Higher order functions of Higher order functions of nn are normally considered are normally considered 
less efficientless efficient
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Asymptotic NotationAsymptotic Notation

By now you should have an intuitive feel for By now you should have an intuitive feel for 
asymptotic (bigasymptotic (big--O) notation:O) notation:

What does O(n) running time mean?  O(n2)?
O(n lg n)? 

Our first task is to define this notation more Our first task is to define this notation more 
formally and completely formally and completely 



3  -- 13

BigBig--O notation O notation 
((Upper Bound Upper Bound –– Worst Case)Worst Case)

For a given function For a given function g(n)g(n), we denote by , we denote by OO((gg((nn)) the set of )) the set of 
functionsfunctions

O(g(n)) = {f(n): there exist positive constants c >0 
and n0 >0 such that 0 ≤ f(n) ≤ cg(n) for all n ≥ n0 }

We say We say g(n)g(n) is an is an asymptotic upper boundasymptotic upper bound for for f(n)f(n)::

O(g(n))O(g(n)) means that as means that as n n →→ ∞∞, the execution time , the execution time f(n)f(n) is is 
at at mostmost c.g(n)c.g(n) for some constant for some constant cc

What does O(g(n)) running time mean?  What does O(g(n)) running time mean?  
The worst-case running time (upper-bound) is a 
function of g(n) to a within a constant factor

∞<≤ ∞→       
)(
)(lim     0

ng
nf

n
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BigBig--O notation O notation 
((Upper Bound Upper Bound –– Worst Case)Worst Case)

time

nn0

f(n)

c.g(n)

f(n) = O(g(n)
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BigBig--O notation O notation 
((Upper Bound Upper Bound –– Worst Case)Worst Case)

This is a mathematically formal way of ignoring This is a mathematically formal way of ignoring 
constant factors, and looking only at the constant factors, and looking only at the ““shapeshape””
of the functionof the function

f(n)=O(g(n)) f(n)=O(g(n)) should be considered as saying that should be considered as saying that 
““f(n)f(n) is at most is at most g(n)g(n), up to constant factors”., up to constant factors”.

We usually will have We usually will have f(n)f(n) be the running time of be the running time of 
an algorithm and an algorithm and g(n)g(n) a nicely written functiona nicely written function
E.g. The running time of insertion sort algorithm E.g. The running time of insertion sort algorithm 
is is O(nO(n22))
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Example1:Example1: Is 2n + 7 = O(n)?Is 2n + 7 = O(n)?
LetLet

T(n) = 2n + 7
T(n) = n (2 + 7/n)
Note for n=7;

2 + 7/n = 2 + 7/7 = 3
T(n) ≤ 3 n  ; ∀ n ≥ 7 n0

c

Then T(n) = O(n)
lim n→∞ [T(n) / n)] = 2 ≥ 0 T(n) = O(n)

BigBig--O notation O notation 
((Upper Bound Upper Bound –– Worst Case)Worst Case)
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BigBig--O notation O notation 
((Upper Bound Upper Bound –– Worst Case)Worst Case)

Example2:Example2: Is 5nIs 5n33 + 2n+ 2n22 + n + 10+ n + 1066 = O(n= O(n33)?)?
LetLet

T(n) = 5n3 + 2n2 + n + 106

T(n) = n3 (5 + 2/n + 1/n2 + 106/n3)
Note for n=100;

5 + 2/n    + 1/n2 + 106/n3 =
5 + 2/100 + 1/10000 + 1          = 6.05

T(n) ≤ 6.05 n3 ; ∀ n ≥ 100 n0

c
Then T(n) = O(n3)
limn→∞[T(n) / n3)] = 5 ≥ 0 T(n) = O(n3)
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BigBig--O notation O notation 
((Upper Bound Upper Bound –– Worst Case)Worst Case)

Express the execution time as a function of the input size Express the execution time as a function of the input size nn
Since only the growth rate matters, we can ignore the Since only the growth rate matters, we can ignore the 
multiplicative constants and the lower order terms, e.g.,multiplicative constants and the lower order terms, e.g.,

n, n+1, n+80, 40n, n+log n is O(n)
n1.1 + 10000000000n is O(n1.1)
n2 is O(n2)
3n2 + 6n + log n + 24.5 is O(n2)

O(1) < O(log n) < O((log n)O(1) < O(log n) < O((log n)33) < O(n) < O(n) < O(n) < O(n22) < O(n) < O(n33) < ) < 
O(nO(nlog nlog n) < O(2) < O(2sqrt(n)sqrt(n)) < O(2) < O(2nn) < O(n!) < O(n) < O(n!) < O(nnn))

Constant < Logarithmic < Linear < Quadratic< Cubic < Constant < Logarithmic < Linear < Quadratic< Cubic < 
Polynomial < Factorial < Exponential  Polynomial < Factorial < Exponential  
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ΩΩ--notation (Omega)notation (Omega)
(Lower(Lower Bound Bound –– Best Case)Best Case)

For a given function For a given function g(n)g(n), we denote by , we denote by ΩΩ((gg((nn)) the set of )) the set of 
functionsfunctions

Ω(g(n)) = {f(n): there exist positive constants c >0 
and n0 >0 such that 0 ≤ cg(n) ≤ f(n) for all n ≥ n0 }

We say We say g(n)g(n) is an is an asymptotic lower boundasymptotic lower bound for for f(n)f(n)::

ΩΩ(g(n))(g(n)) means that as means that as n n →→ ∞∞, the execution time , the execution time f(n)f(n) is at is at 
leastleast c.g(n)c.g(n) for some constant for some constant cc

What does What does ΩΩ(g(n)) running time mean?  (g(n)) running time mean?  
The best-case running time (lower-bound) is a 
function of g(n) to a within a constant factor
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ΩΩ--notationnotation
(Lower(Lower Bound Bound –– Best Case)Best Case)

time

nn0

c.g(n)

f(n)

f(n) = ΩΩ(g(n)
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ΩΩ--notation (Omega)notation (Omega)
(Lower(Lower Bound Bound –– Best Case)Best Case)

We say Insertion Sort’s run time T(n) is We say Insertion Sort’s run time T(n) is ΩΩ(n)(n)
Proof:Proof:

Suppose run time is T(n) = an + b
Let g(n) = n

a.g(n) = a.n ≤ T(n) = an + b
T(n) = Ω(g(n)) = Ω(n)

For exampleFor example
the worst-case running time of insertion sort is 
O(n2), and 
the best-case running time of insertion sort is 
Ω(n)
Running time falls anywhere between a linear 
function of n and a quadratic function of n
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ΩΩ--notation (Omega)notation (Omega)
(Lower(Lower Bound Bound –– Best Case)Best Case)

Examples:Examples:
n, n+1, n+80, 40n is Ω(n)
n1.1 + 10000000000n is Ω(n1.1)
3n2 + 6n + log n + 24.5 is Ω(n2)
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ΘΘ notation (Theta)notation (Theta)
((Tight Bound)Tight Bound)

In some cases, In some cases, 
f(n) = O(g(n)) and f(n) = Ω(g(n))
This means, that the worst and best cases require 
the same amount of time t within a constant factor
In this case we use a new notation called “theta Θ”

For a given function For a given function g(n)g(n), we denote by , we denote by ΘΘ((gg((nn)) the )) the 
set of functionsset of functions

Θ(g(n)) = {f(n): there exist positive constants 
c1>0, c2 >0 and n0 >0 such that 

c1 g(n) ≤ f(n) ≤ c2 g(n) ∀ n ≥ n0}
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ΘΘ notation (Theta)notation (Theta)
((Tight Bound)Tight Bound)

We say We say g(n)g(n) is an is an asymptotic tight boundasymptotic tight bound for for f(n)f(n)::

Theta notationTheta notation
θ(g(n)) means that as n →∞, the execution 
time f(n) is at most c2.g(n) and at least c1.g(n)
for some constants c1 and c2.

f(n) = f(n) = ΘΘ(g(n))  if and only if  (g(n))  if and only if  
f(n) = O(g(n)) &  f(n) = Ω(g(n))

∞<< ∞→       
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ΘΘ notation (Theta)notation (Theta)
((Tight Bound)Tight Bound)

time

nn0

c1.g(n)

f(n)

f(n) = ΘΘ(g(n))

c2.g(n)
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ΘΘ notation (Theta)notation (Theta)
((Tight Bound)Tight Bound)

Example1:Example1:
Show that Show that 6n6n33 ≠≠ ΘΘ(n(n22))
Suppose for the purpose of contradiction that Suppose for the purpose of contradiction that cc22 and and nn00
exist such that exist such that 6n6n33 ≤≤ cc22nn22 for all n for all n ≥≥ nn00

Dividing by n2 yields
n  ≤ c2/6

which cannot possibly hold for arbitrary large n, 
since c2 is constant

Also, limn→∞[6n3 / n2 ] = limn→∞[6n] = ∞, which is 
not a non-zero constant
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PropertiesProperties

TransitivityTransitivity
f(n) = f(n) = ΘΘ(g(n)) & g(n) = (g(n)) & g(n) = ΘΘ(h(n)) (h(n)) ⇒⇒ f(n) = f(n) = ΘΘ(h(n))(h(n))
f(n) = f(n) = OO(g(n)) & g(n) = (g(n)) & g(n) = OO(h(n)) (h(n)) ⇒⇒ f(n) = f(n) = OO(h(n))(h(n))
f(n) = f(n) = ΩΩ(g(n)) & g(n) = (g(n)) & g(n) = ΩΩ(h(n)) (h(n)) ⇒⇒ f(n) = f(n) = ΩΩ(h(n))(h(n))

SymmetrySymmetry
f(n) = f(n) = ΘΘ(g(n)) (g(n)) if and only if if and only if g(n) = g(n) = ΘΘ(f(n))(f(n))

Transpose SymmetryTranspose Symmetry
f(n) = f(n) = OO(g(n)) (g(n)) if and only if if and only if g(n) = g(n) = ΩΩ(f(n)) (f(n)) 
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Comparison of FunctionsComparison of Functions

functions           functions           ≈≈ numbersnumbers
f f ↔↔ g             g             ≈≈ a a ↔↔ bb

f (n) = O(g(n))  f (n) = O(g(n))  ≈≈ a  a  ≤≤ bb
f (n) = f (n) = ΩΩ(g(n))  (g(n))  ≈≈ a  a  ≥≥ bb
f (n) = f (n) = ΘΘ(g(n))  (g(n))  ≈≈ a  =  ba  =  b
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ExampleExample

f f = = ΘΘ((gg)?)?
IsIs

f f = = ΘΘ((nn22)), n, n22 = = ΘΘ((gg) ) 
⇒⇒ f f = = ΘΘ((gg) ) 

SolutionSolution
33nn22 + 2+ 255nn22 + 100+ 100nn

g(n)g(n)f(n)f(n)
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Practical ComplexitiesPractical Complexities

Is O(nIs O(n22) too much time?) too much time?
Is the algorithm practical?Is the algorithm practical?

n n nlogn n2 n3 

1000 1mic 10mic 1milli 1sec 

10000 10mic 130mic 100milli 17min 

106 1milli 20milli 17min 32years

 

 

At CPU speed 109 instructions/second
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Impractical ComplexitiesImpractical Complexities

n n 4 n 1 0 2 n

1 0 0 0 1 7 m in 3 .2  x  1 0 1 3

y e a rs
3 .2  x  1 0 2 8 3

y e a rs

1 0 0 0 0 1 1 6
d a y s

  ? ? ? ? ? ?

1 0 ^ 6 3  x  1 0 ^ 7
y e a rs

? ? ? ? ? ? ? ? ? ? ? ?

At CPU speed 109 instructions/second
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Some Common Name for ComplexitySome Common Name for Complexity

Logarithmic timeLogarithmic timeO(log n)O(log n)

LogLog-- squared timesquared timeO(logO(log22 n)n)

Exponential timeExponential timeO(2O(2nn))
Polynomial timePolynomial timeO(nO(ni i ) for some i) for some i
Cubic timeCubic timeO(nO(n33))
Quadratic timeQuadratic timeO(nO(n22))
Linear timeLinear timeO(n)O(n)

Constant timeConstant timeO(1)O(1)
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Growth Rates of some FunctionsGrowth Rates of some Functions

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

( ) ( )
( ) ( )
( ) ( ) ( )
( ) ( )n

nnn

nn

ncc

nOnO
OOO

OnO

cOnO

nOnO
nOnOnnOnnO

nOnOnOnO

<<

<<<

=<

=

<<

<<<<

<<<

!
432

2

constant any for   2

loglog
loglog

2loglog

log

43

25.12

2( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( )

( ) ( )
( ) ( )
( ) ( ) ( )
( ) ( )n

nnn

nn

ncc

nOnO
OOO

OnO

cOnO

nOnO
nOnOnnOnnO

nOnOnOnO

<<

<<<

=<

=

<<

<<<<

<<<

!
432

2

constant any for   2

loglog
loglog

2loglog

log

43

25.12

2
E

xponential
E

xponential
Functions
Functions

P
olynom

ial
P

olynom
ial

Functions
Functions

3  -- 34

Effect of Multiplicative ConstantEffect of Multiplicative Constant
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Exponential FunctionsExponential Functions

Exponential functions increase rapidly, e.g., Exponential functions increase rapidly, e.g., 22nn will will 
double whenever double whenever nn is increased by 1.is increased by 1.

31.7 years31.7 years101015155050

10101818

10101212

101099

101066

101033

22nn

0.001 s0.001 s1010

1 s1 s2020

16.7 mins16.7 mins3030

11.6 days11.6 days4040

31710 years31710 years6060

11µµs x 2s x 2nnnn
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Practical ComplexityPractical Complexity

0

250

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

f(n) = n
f(n) = log(n) 
f(n) = n log(n)
f(n) = n^2
f(n) = n^3
f(n) = 2^n
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Practical ComplexityPractical Complexity

0

500

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

f(n) = n
f(n) = log(n) 
f(n) = n log(n)
f(n) = n 2̂
f(n) = n 3̂
f(n) = 2 n̂
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Practical ComplexityPractical Complexity

0

1000

1 3 5 7 9 11 13 15 17 19

f(n) = n
f(n) = log(n) 
f(n) = n log(n)
f(n) = n 2̂
f(n) = n 3̂
f(n) = 2 n̂



3  -- 39

Practical ComplexityPractical Complexity

0

1000

2000

3000

4000

5000

1 3 5 7 9 11 13 15 17 19

f(n) = n
f(n) = log(n) 
f(n) = n log(n)
f(n) = n 2̂
f(n) = n 3̂
f(n) = 2 n̂
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Floors & CeilingsFloors & Ceilings

For any For any realreal number number xx, we denote the , we denote the greatest greatest 
integerinteger less than or equalless than or equal to to xx byby ⎣⎣xx⎦⎦

read “the floor of x”
For any For any realreal number number xx, we denote the , we denote the least integerleast integer
greater than or equalgreater than or equal to to xx byby ⎡⎡xx⎤⎤

read “the ceiling of x”
For all real For all real xx, (example for x=4.2), (example for x=4.2)

x – 1   < ⎣x⎦ ≤ x   ≤ ⎡x⎤ < x + 1
For any integer For any integer nn ,,

⎣n/2⎦ +   ⎡n/2⎤ = n
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PolynomialsPolynomials

Given a positive integer Given a positive integer dd, a , a polynomialpolynomial in in nn of of 
degree degree dd is a function is a function PP((nn)) of the formof the form

P(n) = 

where a0, a1, …, ad are coefficient of the polynomial
ad ≠ 0

A polynomial is A polynomial is asymptotically positive asymptotically positive iffiff aadd >> 00
Also P(n) = Θ(nd)
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ExponentsExponents

xx00 = 1= 1 xx11 = x= x xx--11 = 1/x= 1/x

xxaa . x. xbb = x= xa+ba+b

xxaa / x/ xbb = x= xaa--bb

(x(xaa))bb = (x= (xbb))aa = x= xabab

xxnn + x+ xnn = 2x= 2xnn ≠≠ xx2n2n

22nn + 2+ 2nn = 2.2= 2.2nn = 2= 2n+1n+1
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Logarithms (1)Logarithms (1)

In computer science, all logarithms are to In computer science, all logarithms are to 
base 2base 2 unless specified otherwiseunless specified otherwise
xxaa = b= b iffiff loglogxx(b) = a(b) = a
lg(n) lg(n) = = loglog22(n)(n)
ln(n) ln(n) = = loglogee(n)(n)
lglgkk(n) (n) = = (lg(n))(lg(n))kk

loglogaa(b) (b) = = loglogcc(b) / log(b) / logcc(a) ; (a) ; c c >> 00
lg(ab) lg(ab) = = lg(a) + lg(b) lg(a) + lg(b) 
lg(a/b) lg(a/b) = = lg(a) lg(a) -- lg(b) lg(b) 
lg(alg(abb) ) = = b . lg(a) b . lg(a) 
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Logarithms (2)Logarithms (2)

a a = b= bloglogbb(a)(a)

aaloglogbb(n)(n) = n= nloglogbb(a)(a)

lg (1/a) = lg (1/a) = -- lg(a)lg(a)
loglogbb(a)(a) = 1/log= 1/logaa(b)(b)
lg(n) lg(n) << nn for all n for all n >> 00
loglogaa(a) = 1(a) = 1
lg(1) lg(1) = 0, lg(2) = 1,  lg(1024=2= 0, lg(2) = 1,  lg(1024=21010) = 10) = 10
lg(1048576=2lg(1048576=22020) = 20  ) = 20  
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SummationSummation

Why do we need to know this? Why do we need to know this? 
We need it for computing the running time of a 

given algorithm. 

Example:  Maximum SubExample:  Maximum Sub--vectorvector
Given an array a[1…n] of numeric values (can be 

positive, zero and negative) determine the sub-
vector a[i…j] (1≤ i ≤ j ≤ n) whose sum of 
elements is maximum over all sub-vectors.
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Example: Max SubExample: Max Sub--VectorsVectors

MaxSubvector(a, n) {MaxSubvector(a, n) {
maxsum = 0;maxsum = 0;
for i = 1 to n {for i = 1 to n {

for j = i to n {for j = i to n {
sum = 0;sum = 0;
for k = i to j { sum += a[k] }for k = i to j { sum += a[k] }
maxsum = max(sum, maxsum);maxsum = max(sum, maxsum);

}}
}}
return maxsum;return maxsum;

}}
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SummationSummation
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SummationSummation

Constant Series:  For a, b Constant Series:  For a, b ≥≥ 0,0,

Quadratic Series:  For n Quadratic Series:  For n ≥≥ 0,0,

LinearLinear-- Geometric Series:  For n Geometric Series:  For n ≥≥ 0,0,
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Proof of Geometric seriesProof of Geometric series

A Geometric series is one in which the sum approaches a A Geometric series is one in which the sum approaches a 
given number as N tends to infinity.given number as N tends to infinity.

Proofs for geometric series are done by cancellation, as Proofs for geometric series are done by cancellation, as 
demonstrated.demonstrated.
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FactorialsFactorials

n!n! ((““n factorialn factorial””) is defined for integers n ) is defined for integers n ≥≥ 0 0 
asas

n! = n! = 

n! = 1 . 2 .3 n! = 1 . 2 .3 …… nn
n! < n! < nnnn for n for n ≥≥ 22
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Proofs by Counterexample & ContradictionProofs by Counterexample & Contradiction

There are several ways to prove a theorem:There are several ways to prove a theorem:
Counterexample:

By providing an example of in which the theorem 
does not hold, you prove the theory to be false.
For example: All multiples of 5 are even.  However 3x5 is 15, 
which is odd.  The theorem is false.

Contradiction:
Assume the theorem to be true.  If the assumption 
implies that some known property is false, then the 
theorem CANNOT be true.
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Proof by InductionProof by Induction

Proof by induction has three standard parts:Proof by induction has three standard parts:
The first step is proving a base case, that is, 
establishing that a theorem is true for some small 
(usually degenerate) value(s), this step is almost 
always trivial.
Next, an inductive hypothesis is assumed.  
Generally this means that the theorem is assumed 
to be true for all cases up to some limit n.
Using this assumption, the theorem is then shown 
to be true for the next value, which is typically 
n+1 (induction step).  This proves the theorem 
(as long as n is finite).
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Example: Proof By InductionExample: Proof By Induction

Claim:Claim: S(n) is true for all n >= kS(n) is true for all n >= k
Basis:

Show formula is true when n = k
Inductive hypothesis:

Assume formula is true for an arbitrary n
Induction Step:

Show that formula is then true for n+1
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Induction Example: Induction Example: 
Gaussian Closed FormGaussian Closed Form

Prove 1 + 2 + 3 + … + n = n(n+1) / 2Prove 1 + 2 + 3 + … + n = n(n+1) / 2
Basis:

If n = 0, then 0 = 0(0+1) / 2
Inductive hypothesis:

Assume 1 + 2 + 3 + … + n = n(n+1) / 2
Step (show true for n+1):
1 + 2 + … + n + n+1 = (1 + 2 + …+ n) + (n+1)
= n(n+1)/2 + n+1 = [n(n+1) + 2(n+1)]/2 
= (n+1)(n+2)/2 = (n+1)(n+1 + 1) / 2
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Induction Example:Induction Example:
Geometric Closed FormGeometric Closed Form

ProveProve
aa00 + a+ a11 + … + a+ … + ann = (a= (an+1n+1 -- 1)/(a 1)/(a -- 1) for all a 1) for all a ≠≠ 11

Basis: show that a0 = (a0+1 - 1)/(a - 1)
a0 = 1 = (a1 - 1)/(a - 1) = 1

Inductive hypothesis:
Assume a0 + a1 + … + an = (an+1- 1)/(a - 1) 

Step (show true for n+1):
a0 + a1 + … + an+1 = a0 + a1 + … + an + an+1

= (an+1- 1)/(a - 1) + an+1 = (an+1+1- 1)/(a - 1)


